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AN ANALYSIS OF THE CONTINUOUS-SPIN, ISING MODEL

ABSTRACT

The critical behavior of the continuous-spin Ising

model is studied by high temperature methods and compared

with renormalization group results. The critical

exponent inequality 6 > A/(A-y) is proven and used to-..

show that 2A < dv +y requires y(fi+l)/(IS-1)< dv.
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AN ANALYSIS OF THE CONTINUOUS-SPIN, ISING MODEL*

George A. Baker, Jr.
Theoretical DivisiorI
Los Alamos Scientific Laboratory
University of California
Los Alamos, N.M. 87545

Since the time when the studylof relations between the various
critical indices was systematized, these indices have been classccl
into groups, First, I remind you of some notation. If X is the
mdgnetic susceptibility, M the magnetization, CH the specific heat
at constant magnetic field, find[ the cr)rrelat~on length, then near
the critical point, temperature, T = ‘l’c,and magnetic field, H = O,
for an lsing model on n d-dirnenslonul, rigid, regular spnce-lntticu
Wt’Cxpcct,T > Tc, II= o,

x “ A+(T-’I’C)-V,[ “ D+(T-TL:)-\!,

23
2 ~+(’J’-TL.)

-y-2A, ~,
- fill” ’11

- (T-TC)-(’, (1)

W]l(’1”1’ ‘:(’ (J,,> III tllc- Hl)lll-fipln COrrL’l ill 1011 functIon hctwcun u
()

r
II-O +

HPII1 (1 ilt. ~htI llrlglnmld onu nt r lr zl’romilgnl’llcf1(11.d.

. ....— — — .
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W~}rktiuppllrtd 111pilrtby thLI11. S.1).[).11,



2

x

M

= A (T -T)-y ’, E = D-(TC-T)-V ‘
c

##= B-(T-T) -Y’-2A’, CH= (T-T)*’
c c

= (TC-T)8. (3)

In terms of this notation, a selection of the relationa ~etween the
critical indices (a, y, 6, eLC.) would be:

single temperature region,

a’+2+y’ =2; (4)

critical isotherm plus a single temperature reg~on,

a’ + 13(1+6) = 2,

6 = A/(A-y);

two temperature regions

Y -Y’, ‘J -r~’s

A .Af;

r~’laticm~ invo]vin~ corrt’l:ltlon cxponcmts,

“’f- (2-II)V,

Y ~ - (2-ll)\l’; (7)

md rCliltLurlH lnvu]vlng L]I(: ~~iltl.11 dImcnHIon or hvpc’rHcilllng,

(j\) m 2 - ~lm

2- 11 - d(A-1)/(J+l),

2A = d\’ +y. (H)

(ln tht’num~lrlviilWICILW!II, tlw 11~111’r~rilllll~r~’lutlons ‘H) wurr the
h!n~t WL’1] HUpport(’d iIllC! thOH1’ Or (6) 13Uff(’Wl ln[~[{ll]~ fWII t!il- .

.- T($ numerl(”ill I“wulttl.woukneHH of thu n[!curnry In LhL’ ‘1’ . Mmy of
thL’He rulutlonti lIIIVLIlMWII\pruv~’n LIt b; rl~orou~ llllt(lLlill ltlLIFi,

V,K..2-6

(5)

(6)
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a’ -t2f3+y ’~2, _Y > (Z-n)v,

civ+y~2A, IS > A/(A-y),—

u’ + f3(l+8) > 2. (9).-

In order to understand what was going on, and to gain a deeper
understanding of these exponent relations, gen r 1 ideas that rela-
ted them to scaling properties were put forth.7,8 These ideas were
further d eloped and extended by the use of tield theoretic
~ethod89,5t

to yield the renormalization group theory of critical
phenomena, which rests on the renormalization group hypothesis11S12
and has all the index relations (4-8) as a consequence for d z 4.—

Now the trouble starts when one compares the results of the
renormalization group theory of crit~cal phenomena with those of
the high-temperature .:criesnumerical computat ens. These high tem-
perature series results yield, for example13-14

y = 1.250 i 0.003,

9.638
+ 0.002

v=
- 0.001,

A = 1.563 + 0.003, (lo)

and16 for the renormal~zntiot] group cqua]ity (8),

2A -dv-y=- 0.028 + 0.003, d = 3,

= - 0.302 ~ 0.038, (1= 4. (11)

Thcsr rcsu]ts show Sm;lllbut perslstf’nL deviutiuns
17from thclcxp~lc’-

tcd renormnllzatiun group results, 14,18 jn thrL.edimons[ons,

y = 1.241 ? 0.004, \j= 0.630 ? 0.002,

2A -dv- y=’u. (J~)
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d
where a is the lattice spacing, v = a is the specifi volume per

ilattice site, q is the lattice coordination number, { ) is one-half
the set of nearest neighbor sites, and H+ is the magnetic field at

j
site 1. This model looks like a lattice-cutoff model field theory.
If we perform the IIsual ampliii:dc (Z3) and mass rcnormalizations
(mo2 = m2 + Am?), then wc :an rewrjtc (13) as

IJ-j;(,.:, ~ - A ,“1,~+ }1 “-, ,

i I JI

where’ till’ r(’lilt. 1011 Ilc’twc’(’n CIILI flcIld tlleol’v lilll~\lil~L1 of ~1”1) and

ii
[

“1‘,

= “1 “K’’:’(2d7’”~v)J“
(15)

NIIli’ tli(ll WF I1:IV1’ ilddt’d il frt’t’ I):lrilm(’t[’r, K, iIIIdlml)(~stld :1 ni~rmill 1-

i!ilt I(U1 (“oll(llt 1011,

+1

1(Ix X7 UXP(-}:,)X’’-AX:)
-!!,:..1.. - l =.-+,..-. . .... ... ~

[~=l(mo

1
dx cxp(-g(,x’’-Ax”)

_,,.

(1(l)



which fi~ea+A as a function of ~o. Further note that C is the

usual [$ ,$ ] conunutator which diverges as a goes to zero for d > 2.
As usual, the renormalization conditions imposed on the two-poin~
function,

I N-1
#2)~ (p*-p) - v

i121nZ(ti) I

IF
8H 3H

,X,[-,.,;qa] :’

~

(17)

@ o~ “=()

determine the renormalization constants 23 and bmp. These renor-
malization conditions are

in terms of

(18)

2
N-

z- [..T(J - (,IJ]
m

j-o “1

2,
J ■ (“l./f?)(’lK/:(l). (2(J)

:,,. K

+/4 w +d\l- 2:,g m gHm . ‘-~ .. -- ‘“(1- “r’,/”l”)’? d
ilXf

(21)
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The conventional wisdom for the behavior of g(go,a) is that
there is a limiting curve which is smoothly approached as a + O.
By eq. (20) for a fixed, renormalized mass, this limit is equivaleI,t
to c + ~ with fixed lattice spacing, i.e., the temperature approaches
the critical temperature. This limiting curve is c~nventionally
thought to rise monotonically from zero for go = O to a finite limit
g* for

?0
= m. Specifically, the renormalization group hypo-

thesis P12~1g is that there exists a unique, non-zer~ limit as

go -’ W and a + O independent of the manner of approach. From this
hypothesis, as a statistical-mechanical problem corresponds to go
fixed, and by eq. (15)*~o ~ goa4-d, we must have gc +~ as a+ C
fo]d<4andsog+g. As everything is thought to depend on g,
we must, based on this hypothesis, get the same recult, i.e.,
universality, for zny ~o-fixed, statistical-mechanical model. ‘1tl t?
hypothesized smoothness and differentiability of the approach to
the limit yields the critical i,ldex relations.

10
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0 fi
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Baker and Kincaidll’lg have made a detailed investigation using
high-temperature series methods and concluded on numerical evidence
that the renormalization group hypothesis holds for d = 1, 2 (known
previously21) but fails in d = 3 and 4 dimensions. The results in
three dimensions are particularly interesting as Fig. 1 illustral :s.
A much richer structure in the g-contour map is found than had been
anticipated. The top edge of the figure is a spread-out version of
the go = m, a = O point. They19 found that g = g* = 23.78 alone did
not appear to represent this point and that the g* contour also
extended into the interior and possessed a saddle point. We remark
in passing that such a
results with Schraderts~~d~~~~~~~t~~~~~~~les ‘hese ‘umerical

Wt,c:e can we look, theoretically, for the breakdown af hyper-
scaling in three and fo~r dimensions? Looking hack at cq. (8) we
note that the occurence of the spatial dimension d appears in associ-
ation with the relation of a single index such as ‘J or ~: for a micro-
scopic p~operty to a thermodynamic index such as ,.1, “r, ~’, etc. It

is therefore interesting to introduce a the.nnodynamic coupling con-
stant which repiaces the dependence on ~,din (21) by a combination
of thermodynamic v~~iablu,;. The mosL obvious move is to GSC ‘:hc
terms from Sokal’s pronf of the Josephson inequality trrmake the
replacement

(22)

howt’vcr,as (:,{- :n(Kc-K) for d = 2, tillsrcplilc~lm~mtwou]d lcacI

to an infinite thcrmodvnamic c(Iupling (on+tilnt In twl~dlmc,cslons.
I prefer LO mak,: tllclrcplaccm~’nl

,.d ., (,)(’$+1)/(’’’-1) (21)

(MLIflrldsdir(ictlvbv US(Iof Flshcr’s ‘Jrllsults

,: (2-!l)v, (2-11) :d(f’,-1)/(A+l) (24)

$~,,,- _._._..:_—.-_-._.~?.,,(’+1)/(1’-1)
.,

(’)(,)
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function with di~tance for T = T= in zero magnetic field, we may
conclude

%T ? g, (T + T=). (27)

Since g is bounded from above4 and goes to zero if hyperscaling
fails, an~az we shall see below, since A+ # O and B+ # O, gT is
not zero, although it could become infinite, we conclude that it is
suf!”icien~ for (25) tu be a strict inequality for

2Acdv+y. (28)

That is to say, if one of the hyperscaling relations (8) fails
[here (28)] then necessarily the others [here we will only see (25)]
fail as well. Certainly this result is expected,24 if the non-
hyperscaling relations continue to hold. We remark that numerically
gT is finite for the cases tested (e.g., d = 2,3,~) within error.

NOW, to show that (26) does not go to zero as T * Tc, consider

hi-l
F(T) = —

(1-m = (~-1) T +(~+:”1-1) T’ +f)(T’)

where r = tanh H. Baker 25 IIati shown that tll~i Yan~-1,~~~, Lheorem

implies that

F(T) =
1“G

i.e., F(T) is T

we must havu

I
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A16

[
1

A-y
3’2/(2A+$ (T-T=)D(T-TC) ~ B+

J

(34)

or

&~A/(A-y) . (35)

This result is slightly stronger than the corresponding result of
Gaunt and Baker5 because their result is for ~,, and this one is
for A4. The subscripts refer co the order of the derivative with
respect to H involved in the definition. The result with A4 is
stronger than that with & as25 A2ti2 ~ A2m.

We have reduced the theoretical ctudy of the epparent failure
of hyperscaling in d = 3, 4 dimensions to a study of (25) which
is defined in terms of only one and two-point correlations rather
than (28) which also involves 4-point correlations. Presumably one
could as well study the single-temperature relation, which involves
only one and two-point correlations

2 -~~ d (5-1)/($+1) (36)

which is equivalent to (25) if cq. (7) holds, but we have nob.proven
this further simplification.

The failure of critical i.ldex,relations between correlation
functions involving a different number of points is expected 28 to

introduce, minimally, an anomalous dimension al the vacuum, i.e. ,
replace d by d -I:* in (8), and suggests that the genesis of the
breakdown of hyperscaling comes in local properties at spin separa

tions r CY ~, rather than sums over the whol~ lattic~~.
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